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Collective cell migration is a highly regulated process involved in wound healing, cancer metas-
tasis and morphogenesis. Mechanical interactions among cells provide an important regulatory
mechanism to coordinate such collective motion. Using a Self-Propelled Voronoi (SPV) model that
links cell mechanics to cell shape and cell motility, we formulate a generalized mechanical inference
method to obtain the spatio-temporal distribution of cellular stresses from measured traction forces
in motile tissues and show that such traction-based stresses match those calculated from instanta-
neous cell shapes. We additionally use stress information to characterize the rheological properties
of the tissue. We identify a motility-induced swim stress that adds to the interaction stress to
determine the global contractility or extensibility of epithelia. We further show that the temporal
correlation of the interaction shear stress determines an effective viscosity of the tissue that diverges
at the liquid-solid transition, suggesting the possibility of extracting rheological information directly
from traction data.
PACS numbers:
It is now broadly recognized that the transmission of
mechanical forces can be as important as genetics and
biochemistry in regulating tissue organization in many
developmental processes, including embryogenesis, mor-
phogenesis, wound healing and cancer metastasis [1–11].
In order to make quantitative predictions for large scale
cell remodeling in tissues, we must understand their ma-
terial properties, such as stiffness and viscosity, as well
as the forces that build up inside them, characterized by
local pressures and stresses. Motivated by experiments
highlighting the slow glassy dynamics of dense epithelial
tissues, work by us and others has suggested that mono-
layers of motile cells may form glassy or jammed states,
where local cell rearrangements are rare and energetically
costly, and that a relatively small change of parameters
may trigger a change from an elastic response to a state
with fluid-like behavior, where individual cells continu-
ously exchange neighbors [12–14]. This liquid-solid tran-
sition is tuned by the interplay of cell-cell adhesion and
cortex contractility, as manifest in cellular shape, and by
cell motility. This suggestion has been verified experi-
mentally in specific cell types [15], indicating that the
paradigm of tissues as active materials may be a use-
ful way of organizing experimental data and classifying
large-scale tissue behavior in terms of a few effective pa-
rameters.
In contrast, quantifying stresses and pressures in ac-
tive, motile tissues is largely an open problem. One
possible reason is that there are different definitions of
stresses and pressures that arise naturally in different
experiments and simulations, and it is not immediately
clear how they are related to one another or under pre-
cisely which conditions each definition applies.
For example, Traction Force Microscopy (TFM) is a
powerful tool that probes the dynamic forces cells exert
onto soft substrates by measuring the substrate deforma-
tions [10, 11, 16–18]. In some experiments, intercellular
stresses are extracted from the traction forces using fi-
nite element analysis under the condition that traction
forces are balanced by cellular interactions. The result-
ing stress maps reveal a highly dynamical and heteroge-
neous mechanical landscape, characterized by large spa-
tial and temporal fluctuations in both normal and shear
stresses [6, 10, 11, 17, 19]. A key assumption used in the
TFM approach to infer stresses from tractions is that the
cell layer can be described as a continuum linear elastic
material [17].
A second important set of mechanical inference meth-
ods also predict cellular stresses, but in static tissues.
These methods rely on advances in imaging techniques
that provide a spatially resolved view of tissue develop-
ment during morphogenesis, with visualization of the cell
boundaries of two dimensional cell sheets [20–24]. As-
suming mechanical equilibrium, one can then infer the
tensions along cell edges and pressures within each cell
from the cell configurations. This method provides a
spatial distribution of intercellular stresses, but it does
not capture temporal stress fluctuations arising from the
nonequilibrium nature of the tissue. On the other hand,
it directly couples mechanics to morphology and it has
been used successfully to characterize cell morphology
in the development of the Drosophila wing disk [22, 25],
where cellular rearrangements are slow on the time scales
of interest. This work has demonstrated that the analy-
sis of cell shapes can provide fundamental insight on the
mechanical state of tissues in developmental processes.
A third line of research has focused on the homeostatic
pressure that tissues exert on their containers or sur-
roundings. The homeostatic pressure has been proposed
as a quantitative measure of the metastatic potential of
a tumor [26, 27]. It is defined as the force per unit area
that a confined tissue would exert on a moving piston
permeable to fluid, hence it represents an active osmotic
cellular pressure. The existing literature has focused on
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2the contribution to the homeostatic pressure from tis-
sue growth due to cell division and death, but in general
other active processes, such as cell motility and contrac-
tility, will also contribute to the forces exerted by living
tissues on confining walls. A related body of work has
investigated the pressures generated by motile particles,
such as active colloids. In these highly nonequilibrium
systems that break time-reversal symmetry, there is a
contribution to the total pressure called the swim pres-
sure generated entirely by persistent motility [28–30].
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FIG. 1: A: Illustration of the SPV model, where cells are
represented by polygons obtained via a Voronoi tessellation
of initially random cell positions, with a self-propulsion force
applied at each cell position. B: Phase diagram in the (P0, v0)
plane based on the value of the shape parameter q (color
scale), with the phase boundary (red crosses) determined by
q = 3.813.
So far, there is no unifying theory for these seemingly
distinct notions of pressure and stress, or their relation-
ship to material properties. In this paper, we show that
a recently proposed Self-Propelled Voronoi (SPV) model
of epithelial tissue (Fig. 1) provides a natural framework
for unifying these ideas. In the SPV model, cells are de-
scribed via a polygonal tesselation of the plane. Each
cell is endowed with motility with fixed speed and di-
rection randomized by orientational noise and interacts
with other cells via forces determined by a shape energy
that incorporates the interplay between contractility and
adhesion. In a broad class of vertex models [25] one can
develop a self-consistent definition for cellular stress in
terms of cell shapes, but this result is only useful in
simulations where the energy functional that describes
the tissue is precisely known. One of the benefits of the
SPV model is that it additionally explicitly accounts for
the forces that motile cells exert on the substrate. This
allows us to develop a generalized mechanical inference
method to infer cellular stresses from traction forces and
to show that these match the stresses calculated from in-
stantaneous cell shape, relating for the first time TFM
data and mechanical inference techniques in motile tis-
sues. Additionally, our method provides absolute values
for junctional tensions and pressure differences. This is in
contrast to equilibrium mechanical inference, which only
yields relative forces [20, 22].
We also wish to know how this definition of cellu-
lar stress relates to others in the literature. There are
two additive contributions to the mechanical stress that
describe the forces transmitted in a material across a
bulk plane. The first represents the flux of propulsive
forces through a bulk plane carried by particles that
move across it. The second describes the flux of in-
teraction forces across a bulk plane. We demonstrate
that the generalized mechanical inference measurements
probe the latter, which we denote as interaction stresses.
The former, which we denote as the tissue swim stress,
approximates the contribution from cell motility to the
osmotic pressure generated by cells immersed in a mo-
mentum conserving solvent on a semipermeable piston,
hence to the tissue homeostatic pressure. The tensorial
sum of the swim stress and the interaction stress is the
total stress. The normal component of the total stress de-
termines whether a tissue will tend to exert extensile or
contractile forces on its environment, which is an impor-
tant consideration in biological processes such as wound
healing and cancer tumorogenesis.
An obvious open question, then, is how these stresses
vary as a function of material properties. We find that
the normal component of the interaction stress is contrac-
tile in both the solid and the liquid due to the contractil-
ity of the actomyosin cortex, although much more weakly
so in the liquid state. In contrast, the normal component
of the motility-induced swim stress is always extensile,
corresponding to a positive swim pressure, though its
magnitude depends on the phase: in a solid the swim
pressure is negligible, while in the fluid it can be signif-
icant. This can result in a change in sign of the total
mean stress: indeed, we find it is always contractile in
the solid state but becomes extensile deep in the liquid
state when cell motility exceeds actomyosin contractility.
Because the transition from contractile to extensile
does not coincide with the fluid to solid transition, it is
natural to ask whether the stress displays any signatures
of the fluid-solid transition. We develop a definition for
the effective viscosity of the tissue that can be extracted
from the temporal correlation of the interaction shear
stress, and find that it diverges as the tissue transits from
the liquid state to the solid state. Importantly, this sug-
gests that TFM combined with mechanical inference can
provide rheological information about the tissue.
Results and Discussion
Self-Propelled Voronoi (SPV) Model. The SPV model
describes an epithelium as a network of polygons. Each
cell i is endowed a position vector ri, and cell shape is
defined by the Voronoi tessellation of all cell positions
(Fig.1). Like for vertex models, tissue forces are obtained
from an effective energy functional E({ri}) for N cells,
given by [7, 14, 25, 31]
E =
N∑
i=1
Ei , Ei = KA(Ai −A0)2 +KP (Pi − P0)2 , (1)
3with Ai and Pi the cross-sectional area and perimeter
of the i-th cell, respectively. The first term in Eq. (1)
arises from incompressibility of the layer in three dimen-
sions and its resistance to height fluctuations, with A0
a preferred cross-sectional area. The second term rep-
resents the competition between cortical tensions from
the actomyosin network at the apical surface and cell-cell
adhesions from adhesive complexes at intercellular junc-
tions [25], with P0 a preferred perimeter resulting from
this competition. We simulate N cells in a square box
of area AT , with A¯ = AT /N the average cell area and
with periodic boundary conditions. The system is initial-
ized with a set of N random cell positions, independently
drawn from a uniform distribution. Throughout the sim-
ulations, we set A¯ = A0 = 1 unless otherwise noted, and
KA = KP = 1.
Each Voronoi cell is additionally endowed with a con-
stant self-propulsion speed v0 along the direction of po-
larization nˆi = (cos θi, sin θi) describing cell motility.
The dynamics of each Voronoi cell is governed by
∂tri = µFi + v0nˆi , ∂tθi =
√
2Drηi(t) , (2)
where Fi = −∇iE is the force on cell i and µ is the mo-
bility. The direction of cell polarization is randomized
by orientational noise of rate Dr, with 〈ηi(t)〉 = 0 and
< ηi(t)ηj(t
′) >= δijδ(t − t′). The time scale τr = 1/Dr
controls the persistence of single-cell dynamics. As in
Self-Propelled Particle (SPP) models, an isolated cell
performs a persistent random walk with a long-time
translational diffusivity D0 = v
2
0/(2Dr) [28, 32, 33]. Af-
ter each time step, a new Voronoi tessellation is generated
based on the updated cell positions. The cell shapes are
determined in the process and the exchange of cell neigh-
bors occurs naturally through topological transitions [12].
We showed in Ref. [14] that the SPV model exhibits
a transition from a solid-like state to a fluid-like state
upon increasing the single-cell motility v0, the persis-
tence time τr, or the cell shape parameter P0/
√
A0 that
characterizes the competition between cell-cell adhesion
and cortical tension. The phase diagram in the (P0, v0)
plane is reproduced in Fig.1B. The transition is identi-
fied by setting the shape index q = 〈Pi/
√
Ai〉 to the value
q = 3.813, where 〈...〉 denotes the average over all cells.
It was shown in Ref. [14] that the transition line located
by q = 3.813 coincides with the one based on the vanish-
ing of the effective diffusivity obtained from the cellular
mean-square-displacement. Note that for fixed system
size AT , the preferred cell area A0 does not affect the in-
teraction forces or cellular shapes. Hence the solid-fluid
transition is insensitive to A0, as demonstrated numer-
ically and shown analytically in the SI. The preferred
area A0 only shifts the total pressure of the tissue by a
constant.
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FIG. 2: Comparison of shape-based and coarse-grained
traction-based stress. A-C: solid state at v0 = 0.5, P0 = 3.3.
D-F: liquid state at v0 = 0.5, P0 = 3.8. A,D: Interaction
normal stress σ
(i)int
n calculated from the instantaneous cell
shapes obtained from Eq. (3a) and Eq. (7). Red denotes pos-
itive (contractile) stress and blue negative (extensile) stress.
B,E: Interaction normal stress σ
(i)int
n calculated using the
coarse-grained traction-based mechanical inference by invert-
ing Eq. (9) and using Eq. (3a). The arrows denote the trac-
tion forces. C,F: The coarse-grained traction-based mechani-
cal inference is validated by plotting the traction-based stress
against the shape-based stress in the solid (C) and in the liq-
uid (F) state. The data are for 400 cells in a square box of side
L = 20 with Dr = 0.1 and with periodic boundary condition.
Developing and validating traction-based mechanical
inference
It is well established that in a vertex model tissue de-
scribed by the tissue energy Eq. (1), the mechanical state
of cell i is characterized by a local stress tensor σ
(i)int
αβ
given by [20, 22, 35]
σ
(i)int
αβ = −Πiδαβ +
1
2Ai
∑
ab∈i
Tαabl
β
ab, (3a)
Πi = − ∂E
∂Ai
, Tab =
∂E
∂lab
, (3b)
where Πi is the hydrostatic cellular pressure and Tab =
Tabˆlab is the cell-edge tension, with lˆab = lab/|lab|. Here
we use Roman indices i, j, k, ... to label cells and a, b, c, ...
4to label vertices, while Greek indices denote Cartesian
components. The summation in Eq. (3a) runs over all
edges of cell i, lab is the edge vector joining vertices a
and b when the perimeter of cell i is traversed clockwise,
as shown in SI Fig.5A. The factor of 1/2 in the second
term on the right hand side of Eq. (3a) is due to the fact
that each edge is shared by two cells. We have used the
convention that the cellular stress is positive when the
cell is contractile and negative when the cell is extensile.
Contractile stress means that if the cell is cut off from
its neighbors, it tends to contract, consistent with the
contractility of the actomyosin network within the cell.
Note that in a vertex model the interaction stress as
defined in Eq. (3a) is indeed the stress acting on the
tissue boundary. This is, however, not the case for the
Voronoi model because the Voronoi construction intro-
duces constraints not present in the vertex model. We
have verified that the differences are small (see SI text),
and in the following use Eq. (3a) as a good approximation
for the Voronoi model.
Our goal is to obtain the distribution of cellular stresses
in a layer of motile cells, where cellular configurations do
not minimize the tissue energy, but are governed by the
dynamics described by Eq. (2). In this case, as discussed
in the introduction, the local cellular stress can be writ-
ten as the sum of contributions from interactions and
propulsive forces as
σiαβ = σ
(i)int
αβ + σ
(i)swim
αβ , (4)
where, following recent work on active colloids [28, 29],
σ
(i)swim
αβ = −
v0
µAi
niαr
i
β (5)
describes the flux of propulsive force v0µ ni across a bound-
ary, as calculated from a virial expression. The negative
sign in Eq. (5) ensures that the swim stress follows the
same convention as the interaction stress, i.e., is posi-
tive for contractile stress and negative for extensile stress.
The swim stress is proportional to the cell motility v0 and
vanishes for nonmotile cells. The contribution σ
(i)int
αβ is
still given by Eq. (3a), but depends implicitly on cell
motility through the instantaneous values of Πi and Tab
that are determined not by energy minimization, but by
the system dynamics governed by Eq. (2). From the local
stresses one can then obtain the total mean stress in the
tissue as (see SI), σαβ = σ
int
αβ + σ
swim
αβ , with
σintαβ =
1
AT
∑
i
Aiσ
(i)int
αβ , σ
swim
αβ =
1
AT
∑
i
Aiσ
(i)swim
αβ .
(6)
In simulations where the energy functional is known, it
is simple to directly extract the instantaneous pressures
and tensions from cell shapes in order to calculate the in-
teraction contribution σ
(i)int
αβ . The definitions, Eq. (3b),
give
Πi = −2KA(Ai−A0) , Tab = 2KP [(Pj−P0)+(Pk−P0)] ,
(7)
where ab is the cell-cell interface that separates cells j
and k. Both Ai and Pi are obtained at every time step
of the simulation and implicitly depend on cell motility,
as parametrized by speed v0 and persistence τr. This
method directly infers the interaction stress from instan-
taneous cell shape fluctuations through Eq. (3a), yield-
ing what we call shape-based stresses. While easily im-
plemented numerically, this method is of limited use in
experiments where the energy functional is not known
and likely more complicated.
For this reason we develop a new mechanical inference
method for motile monolayers that attempts to approxi-
mate the interaction stresses using only information that
is accessible in experiments. Specifically, the proposed
traction-based mechanical inference infers tensions and
pressures from segmented images of cell boundaries and
traction forces obtained by TFM. In the SPV model, we
define the traction force at each vertex as the gradient
of the tissue energy with respect to the vertex position
ta = −∇aE, which balances the interaction force Fa.
Equilibrium mechanical inference methods express the
interaction force Fa = −∇aE at each vertex in terms
of cellular pressures and edge tensions and the measured
geometry of the cellular network (see Eqs. (19-21) of SI).
Pressures and edge tensions are then obtained by invert-
ing the equations Fa({Πi}, {Tab}) = 0. For a nonequi-
librium epithelial layer of motile cells we invert the force
balance equations
Fa({Πi}, {Ti}) = ta , (8)
where the edge tensions Tab have been written as the sum
of cortical tensions Ti of the adjacent cells (see Eq. (20) of
SI), reducing the number of independent unknowns. The
interaction contribution to the local cellular stresses is
then again calculated using Eq. (3a). A constraint count-
ing yields 4N force balance equations for 2N variables,
rendering the system overdetermined, which requires the
implementation of a least square minimization for the
mechanical inference (See SI Text).
The equations developed thus far require knowledge of
the tractions at each vertex, which is again not realistic
in experiments. Therefore, we have developed and im-
plemented a coarse-grained version of this approach that
utilizes experimentally accessible traction forces averaged
over a square grid, with a grid spacing of the order of a
cell diameter. Pressures and tensions (Πi, Ti) are then
calculated by inverting the force balance equation at the
center of each grid element,
Fgrid({Πi}, {Ti}) = tgrid . (9)
An outline of the coarse-graining procedure is given in
the SI, with full details to be published elsewhere [36].
We refer to stresses inferred from Eq. (9) as traction-based
stresses. We emphasize that the traction-based stress
from mechanical inference is generally different from the
intercellular stress obtained with Monolayer Stress Mi-
croscopy (MSM), which rests upon the assumption that
5the tissue is an isotropic, homogeneous and linearly elas-
tic material [17]. The mechanical inference does not make
such assumptions, and is compatible with any epithelia
whose cell-cell interactions can be decomposed into ten-
sions at cell junctions and pressures within cell bodies.
Within the framework of the SPV model, we have val-
idated the coarse-grained method by comparing the re-
sulting traction-based stresses to the shape-based stresses
computed exactly from the simulations. The two show
perfect agreement (Fig. 2C,F).
Stress characterizes rheological properties of the tissue
To study the mechanical properties of motile confluent
tissues, we simulate a confluent cell layer with periodic
boundary conditions using the SPV model. By examin-
ing the temporal correlations of the mean stress in the
tissue, as defined in Eq. (6), we show that the tissue dis-
plays distinct mechanical properties in the liquid and in
the solid states. Thus mechanical measurement such as
those provided by TFM can be used to characterize the
rheological properties of the tissue.
The stress tensor σαβ is symmetric and has three in-
dependent components in 2d. Both the mean and local
stress components are most usefully expressed in terms
of normal stress σn, shear stress σs and normal stress
difference σd, with
σn,d =
1
2
(σxx ± σyy) , σs = 1
2
(σxy + σyx) . (10)
Each of the interaction and swim contributions can simi-
larly be split in normal, shear and normal difference com-
ponents. Below we focus on normal and shear stresses.
TFM probes the forces exchanged between tissue and
substrate, which by force balance are determined entirely
by intercellular forces, hence by interaction stresses. In
contrast, the swim components of stress and pressure
cannot be probed in TFM, but contribute to the pres-
sure Π = −σn = Πint + Πswim that the tissue would
exert laterally on a confining piston. As we will see be-
low, the swim contribution dominates the pressure in the
liquid state.
Using the expression for the local stress obtained from
cell shapes, the mean interaction normal stress of the tis-
sue can be expressed entirely in terms of area and perime-
ter fluctuations in a virial-like form (See SI Text)
σintn =
1
AT
∑
i
[2KAAi(Ai −A0) +KPPi(Pi − P0)] .
(11)
The first term represents the interaction contribution
from the pressures within the cells. The second term
is the contribution from the competition between acto-
myosin contractility and cell-cell adhesion that controls
the cortical tensions. In our simulation, the cellular pres-
sure is suppressed by setting A¯ = A0 and the normal
stress comes mainly from the cortical tensions. Equa-
tion 11 then provides a way for extracting mechanical
information directly from cell shape based on snapshots
of segmented cell images.
Normal stresses are contractile in the solid phase and
become extensile deep in the liquid phase. We show in
Fig. 2 snapshots of the local interaction normal stress in
the solid state (left column) and in the liquid state (right
column). In both the solid and the liquid states the inter-
action normal stress is on average contractile (red), with
relatively weaker spatial fluctuations, but much larger
mean value in the solid state, where contractile cortical
tension exceeds cell-cell adhesion. Fig. 3 displays the to-
A B
FIG. 3: Mean total normal stress. A: heat map of the mean
total normal stress of the tissue in the (v0, P0) plane. The
black crosses outline the solid-liquid phase boundary deter-
mined by q = 3.813. Red indicates contractile stress and blue
extensile stress. B: mean total normal stress as a function of
P0 at various v0, showing a change in sign deep in the liquid
state. (400 cells for T = 1000 and Dr = 0.1 with periodic
boundary condition)
tal mean normal stress (the separate contributions from
interaction and swim stress are shown in SI Fig.6) across
the solid-liquid transition. The color map shows that the
total normal stress is contractile in the solid state and
across the transition line denoted by the black crosses,
but changes sign and becomes extensile deep in the liq-
uid state. While the interaction stress is always positive
due to cell contractility and consistent with experimen-
tal observations [1–3, 37–39], the change in sign of the
total stress is due to the swim stress that is zero in the
solid and always negative in the liquid (see SI Fig.6), in-
dicating that motility induces extensile stresses tending
to stretch the tissue. The total normal stress is analogous
to the stress on a wall confining an active Brownian col-
loidal fluid [28, 29]. We speculate that its change in sign
could lead to an expansion of the tissue if released from
confinement due to substrate patterning or to surround-
ing tissue, and may contribute to epithelia expansion in
wound healing assays. In our model confinement is pro-
vided by the periodic boundary conditions.
The tissue effective shear viscosity diverges at the
liquid-solid transition. While the local shear stress av-
erages to zero in both the liquid and the solid states,
its temporal correlations provide a distinctive rheolog-
ical metric for distinguishing the liquid from the solid
and identifying the transition. The time autocorrelation
6A B
C D
FIG. 4: Time autocorrelation of interaction shear stress and
effective tissue viscosity. A: Time autocorrelation function of
the mean interaction shear stress for P0 = 3.45 at various v0.
B and D: Heat maps of the correlation time τm (B) and of
the effective viscosity (D). The red crosses denote the liquid-
solid phase transition boundary determined by q = 3.813.
The white region corresponds to regions where correlation
time τm and effective viscosity ηeff diverge. Note that these
regions largely coincide with the solid regime. C: The effec-
tive viscosity as a function of P0 at various v0. The dashed
lines correspond to the critical P0 where the liquid-solid phase
transition occurs. All results are for 100 cells, Dr = 1 and
T = 40000 with periodic boundary condition.
function of the interaction shear stress,
Css(τ) = 〈σints (t0)σints (t0 + τ)〉t0 , (12)
where 〈...〉t0 denotes the average over the length t0 of
the simulation, is shown in Fig. 4A for various v0 across
the liquid-solid transition. Shear stress correlations de-
cay in the liquid state and slow down as the transition
is approached from the liquid side, ultimately becom-
ing frozen in the solid state. To quantify this we have
defined the correlation time τm as the time when the
correlation has decreased below one percent of its initial
value. This correlation time shown in Fig. 4B diverges at
the liquid-solid phase transition, suggesting that shear
stress autocorrelations can provide a robust metric for
the transition. Our work therefore suggests that TFM
combined with mechanical inference can provide a tool
for the measurement of tissue rheology. Correlating such
measurements with cell shape data will provide a strin-
gent test for our theory. Finally, in the liquid state we
define an effective viscosity ηeff using a Green-Kubo-type
relation by integrating the correlation function over the
duration of the correlation time [40, 41],
ηeff =
AT
kbTeff
∫ τm
0
Css(τ)dτ , (13)
where we have used the ideal gas effective temperature
kBTeff = v
2
0/(2µDr) so that ηeff has dimensions of a
shear viscosity in 2d. Of course the Green-Kubo relation
is based on the existence of a fluctuation-dissipation
theorem, which does not hold in active systems. For
small values of the persistence time τr, however, the
orientational noise in the SPV becomes uncorrelated
in time and can be mapped onto thermal noise at an
effective temperature Teff . In this limit we expect ηeff
to indeed play the role of a shear viscosity. Remarkably,
the effective viscosity shown in Fig.4(C,D) grows as the
tissue approaches the solid state from the liquid side, and
diverges at the transition. The effective viscosity quickly
approaches zero deep in the liquid phase, suggesting
that the system behaves as a gas of uncorrelated cells in
this region.
Discussion and Conclusions
Using the Self-propelled Voronoi Model (SPV) we have
formulated a unifying framework for quantifying the con-
tributions from cell shape fluctuations and cell motility
to mechanical stresses in an epithelial tissue. Cell shape
fluctuations from actomyosin contractility and cell-cell
adhesion control the interaction stress, while cell motil-
ity determines the swim stress that is generically present
in all self-propelled systems [28, 29].
Unlike monolayer stress microscopy that computes in-
teraction stress from traction forces by assuming the tis-
sue to be a continuum linear elastic material [17], the
traction-based mechanical inference method developed
here incorporates spatial and temporal deformations of
the tissue due to actomyosin contractility and cell-cell ad-
hesion, and can be generalized to account for cell division
and apoptosis. In contrast to equilibrium mechanical in-
ference techniques [20, 22], our approach does not require
cells to be in or close to static mechanical balance, and it
also provides the absolute scale of the junctional tensions
and pressure differences. This can for instance be impor-
tant for testing hypotheses involving mechanosensitive
biomolecules. Experimentally, our method provides new
ways to extract inter-cellular interaction stresses from ex-
isting traction force data and segmented cell images.
The swim stress, on the other hand, cannot be mea-
sured using TFM as it represents the flux of propulsive
forces across a bulk plane in the tissue. It contributes to
the homeostatic pressure at the lateral boundary of the
tissue. The sum of the swim stress and the interaction
stress approximates the total stress at the tissue bound-
ary, which is generally contractile but can become exten-
sile when the tissue is deep in the liquid state and cell
motility exceeds actomyosin contractility. This change
in sign may be observable in wound healing assays where
the transition from contractile to extensile behavior can
result in tissue expansion upon removal of confinement
by neighboring tissue. The application of our method to
the wound healing geometry will be described in future
7work.
We have extracted an effective tissue viscosity from the
temporal correlation of the interaction shear stress. The
correlation time and effective viscosity display a slowing
down and arrest at the transition to the solid regime, thus
serve as a direct probe of tissue rheology. Moreover, we
observed a similar behavior for the temporal correlations
of traction forces as demonstrated in the SI. Therefore,
our work suggests that TFM measurement [11] combined
with mechanical inference could provide information on
tissue rheology. To our knowledge, this has not been
attempted yet on experimental data.
Our work sets the stage for examining the feedback
between cell activity and tissue mechanics that is appar-
ent in many tissue-level phenomena. Recent work has
shown that mechanical stresses influence cell prolifera-
tion in tumor spheroids [27] and regulate cell growth in
the developing Drosophila wing [42]. Regulation of cell
motility, as in contact inhibition of locomotion, has been
proposed to explain stress patterns during collective cell
migration [43]. TFM has revealed the tendency of cells to
move along the direction of minimal shear stress, a phe-
nomenon termed “plithotaxis” [11]. Our model provides
a unifying framework for quantifying the relative roles
of various cell properties, such as shape as controlled by
contractility and cell-cell adhesion, motility and growth,
on the mechanics of the tissue.
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Traction-based Mechanical Inference
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FIG. 5: A. Schematic of force balance at vertex a joining the
neighboring cells i, j, k, with tangential forces from edge ten-
sions (red) and normal forces from pressure differences (ma-
genta). The edge tensions at vertex a are determined by the
sum of the cortical tensions (Ti, Tj , Tk) of the neighboring
cells (see Eq. (20)). The normal forces are determined by the
difference of the pressures (Πi,Πj ,Πk) of the neighboring cells
(see Eq. (21)). ta is the traction force vertex a exerts on the
substrate. B. Schematic of force balance at the coarse-grained
grid. The interaction force on the grid element (red arrow for
tension and magenta arrow for pressure-induced normal force)
balances the traction force (blue arrow) the grid element ex-
erts on the substrate.
Force balance in the vertex model Force balance at
each vertex requires
ta = Fa, (14)
where ta is the traction force vertex a exerts on the
substrate, which is balanced by the interaction force
Fa = −∇aE. We consider for concreteness four adjacent
vertices a, b, c, d and corresponding cells i, j, k, as shown
in Fig.5A. Using the additivity of the shape energy, we
write
Fa = −∇aE = −
(
∂Ei
∂ra
+
∂Ej
∂ra
+
∂Ek
∂ra
)
. (15)
The right hand side of Eq. (15) can be decomposed in
terms of tensions and pressure jumps along and perpen-
dicular to the cell edges, as illustrated in Fig.5A, by writ-
ing
∂Ei
∂ra
= −Πi ∂Ai
∂ra
+ Ti
∂Pi
∂ra
, (16)
where Ti and Πi are the cortical tension and hydrostatic
pressure for cell i, respectively, defined as [22]
Ti ≡ ∂Ei
∂Pi
, Πi ≡ −∂Ei
∂Ai
. (17)
The geometric factors in Eq. 16 can be written as
∂Ai
∂ra
= (nˆiklac + nˆij lab)/2,
∂Pi
∂ra
= −(lˆab + lˆac), (18)
where nˆik is the unit vector perpendicular to edge ac
pointing from cell i to cell k, lac is the length of edge ac,
and lˆad is the unit vector along edge ad pointing from
vertex a to vertex d. Combining Eq. (14)-Eq. (18), we
obtain
ta = Tablˆab + Taclˆac + Tadlˆad (19a)
+
1
2
Πjinˆjilab +
1
2
Πjknˆjklad +
1
2
Πkinˆkilac ,
where
Tab = Ti + Tj Tac = Ti + Tk Tad = Tj + Tk (20)
Πji = Πj −Πi Πjk = Πj −Πk Πki = Πk −Πi (21)
are edge tensions and pressure jumps along and across
cell edges, respectively. Eq. (19)-Eq. (21) form the basis
for the traction-based mechanical inference and can be
written in a general form as
Fa({Πi}, {Ti}) = ta . (22)
Operationally, we write the force balance equation in a
matrix form
M · φ = t , (23)
where M is a 4N × 2N structural matrix incorporating
the orientation and length of the edge vectors, φ is a
2N × 1 column vector whose elements are the cortical
tensions and pressures, and t is the 4N×1 column vector
of the traction forces at each vertex. The tensions and
pressures are obtained by inverting the structural matrix
φ = M−1 · t, (24)
which is equivalent to a least square minimization of
Tr[(M · φ− t)T · (M · φ− t)] . (25)
In practice, this is done with the Moore-Penrose pseu-
doinverse algorithm [22].
9Force balance on the coarse-grained grid In real tis-
sues, the traction force acts not only at cell vertices, but
also at focal adhesions and throughout the basal area
of a cell, and can be measured using TFM on a coarse-
grained grid. Therefore, we generalize the traction-based
mechanical inference by coarse-graining the tissue on a
Cartesian grid and impose force balance on each grid el-
ement (Fig.5B)
Fgrid({Πi}, {Ti}) = tgrid , (26)
where Fgrid is the interaction force on each grid element
as calculated from tensions and pressures as shown in
Fig.5B, and tgrid is the traction force the grid element
exerts on the substrate. A grid element is a closed region
of the tissue. In a Cartesian grid, it is a square element
as highlighted in Fig.5B. The interaction force acts on
the grid element through the boundary and is generally
expressed as a surface integral, or a line integral in 2D,
as
Fgrid =
∫
∂S
[Tabnˆabδ(l − ls) + Πinˆs] dl , (27)
where tension is a point force concentrated at the in-
tersection ls between the cell edge and the grid element
boundary, while pressure induces a normal force in the
normal direction nˆs of the boundary. Notice that the
pressure varies as the boundary crosses different cells.
Using cell segmentation data together with Eq. (27) and
Eq. (20), the interaction force can be written explicitly in
terms of cortical tensions and cell pressures. The traction
force the grid element exerts on the substrate can be mea-
sured using TFM. By inverting the force balance Eq. (26)
using the Moore-Penrose pseudoinverse algorithm, one
can obtain tensions and pressures, from which the local
stress tensor can be constructed using Eq. (3a) in the
main text.
To test the coarse-grained mechanical inference, we
generate cell network configurations using the SPV
model. The traction force of the grid element is cal-
culated as the sum of tensions (normal forces) on the
vertices (cell edges) within the grid element. It is numer-
ically verified that the traction force is exactly balanced
by the interaction force for each grid element. We have
tested the coarse-grained mechanical inference in our nu-
merical simulation with a grid element size of the order
of a single cell size. The inferred stress agrees perfectly
with the accurate value obtained from the cell shape us-
ing the energy functional of the tissue (Fig.2 in the main
text).
This coarse-grained mechanical inference requires
knowledge of cell shapes as well as traction forces. The
cell shape allows one to express the interaction force in
terms of tension and pressure and resolves the stress
down to a single cell level. The resolution of the coarse-
graining can be adjusted to adapt to the resolution of the
traction force microscopy, where a higher TFM resolution
will yield a more accurate result for the inferred tensions
and pressure differences by over-constraining the system.
A systematic study of the method will be published else-
where [36].
The traction-based mechanical inference does not re-
quire knowledge of the energy functional or the material
property of the tissue, and is based on the assumption of
force balance and the decomposition of interaction forces
into junctional tensions and cell pressures. We expect our
method to have general applicability to epithelial tissues
where cell shape and traction forces can be measured si-
multaneously.
Tissue Stress
From cellular tensions and pressures one can also evalu-
ate the mean interaction stress for the whole tissue, given
by
σintαβ = −ΠT δαβ +
1
AT
∑
ab
Tαabl
β
ab, (28)
where the summation is over all edges, AT is the area of
the tissue, and the pressure conjugated to the tissue area
AT is given by
ΠT =
∑
i
Πi
Ai
AT
. (29)
Combining Eq. (3a) in the main text with Eq. (28)-
Eq. (29), we show that the interaction tissue stress is
related to the cellular stress as
σintαβ =
1
AT
∑
i
Aiσ
(i)int
αβ . (30)
Next we show that for the energy functional given by
Eq. (1) of the main text, the tissue interaction normal
stress can be expressed in terms of cell areas and perime-
ters. We first focus on the interaction normal stress of
cell i defined as
σ(i)intn =
1
2
(
σ(i)intxx + σ
(i)int
yy
)
. (31)
Using Eq. (3a) in the main text, we rewrite Eq. (31) as
σ(i)intn = −Πi +
1
4Ai
∑
j∈n.o.i
[(Ti + Tj)lij ] , (32)
where we used the relation in Eq. (20) and the summation
is over the neighbors of cell i. lij is the length of the edge
shared by cell i and cell j. Using the energy functional
(Eq. (1) in the main text) and the definitions for tension
and pressure (Eq. (17)), we have
σ(i)intn = 2KA(Ai−A0)+
KP
2Ai
∑
j∈n.o.i
[(Pi − P0)lij + (Pj − P0)lij ] .
(33)
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Substituting Eq. (33) into Eq. (30), we obtain the inter-
action normal stress for the tissue in terms of cell areas
and perimeters
σintn =
1
AT
∑
i
[2KAAi(Ai −A0) +KPPi(Pi − P0)] ,
(34)
where we used the identity∑
j∈n.o.i
lij = Pi (35a)∑
i
∑
j∈n.o.i
(Pj − P0)lij =
∑
i
(Pi − P0)Pi. (35b)
Eq. (34) expresses the interaction tissue stress in terms
of cell shape parameters, providing a prescription for ex-
tracting mechanical information directly from cell im-
ages. We plot the mean normal interaction stress
(Eq. (34)) and the mean normal swim stress (Eq. (6))
as a function of v0 and P0 in Fig. 6. Notice that the
interaction stress is contractile and the swim stress is
extensile. The latter vanishes in the solid state and dom-
inates deep in the liquid state, resulting in a change of
sign of the total normal stress as shown in Fig. 3 in the
main text.
A B
C D
FIG. 6: A(C): heat map of the mean interaction (swim)
normal stress of the tissue in the (v0, P0) plane. The black
crosses outline the solid-liquid phase boundary determined
by q = 3.813. Red indicates contractile stress and blue ex-
tensile stress. B(D): mean interaction (swim) normal stress
as a function of P0 for various v0 (400 cells for T = 1000 and
Dr = 0.1).
Effect of A0 on cell dynamics
For a system with periodic boundary conditions and
fixed size, the parameter A0 plays no essential role in
FIG. 7: Phase diagram in the A0 − P0 plane at v0 = 0.2.
The red crosses outline the solid-liquid phase boundary de-
termined by q = 3.813. Notice that A0 does not affect the
liquid-solid phase transition. The simulation is performed us-
ing the SPV model for a duration of T = 1000 with 400 cells
at Dr = 1.0 with periodic boundary condition.
the cell dynamics. It only renormalizes the pressure of
the system by a constant, but does not affect cell shapes,
forces on vertices, or the anisotropic part of the stress
tensor. To see this, we rewrite the energy of the system
using the average cell area A¯. Up to a constant offset,
the total energy reads:
E =
N∑
i=1
[
KA(Ai − A¯)2 +KP (Pi − P0)2
]
(36a)
+
1
N
KAA
2
T − 2KAATA0.
Note that the parameter A0 only appears in the last term
of Eq. (36), which merely offsets the pressure of the sys-
tem by 2KAA0. Thus, all forces Fi and shear stresses
are independent of A0. The liquid-solid phase transition
is unaffected by A0 as shown in Fig.7.
Effect of Voronoi constraint on the tissue stress
The SPV model can be mapped to an active vertex
model (AVM) with effective constraints imposed by the
Voronoi tessellation on the vertex positions. In a vertex
model free of Voronoi constraint, the interaction stress
tensor σintαβ as defined by Eq. (6) in the main text repre-
sents precisely the stress acting on the periodic boundary.
This is not, however, the case for the SPV model, because
the creation of cell shapes using a Voronoi tessellation
adds constraints to a vertex model. In this section, we
show that the results presented in the paper are robust
against the Voronoi constraint.
The normal stress as defined in Eq. (10) in the main
text is unaffected by the Voronoi constraint, but the
shear stress does not correspond to the shear stress at
the boundary of the system. This is because an affine
shear deformation of all cell positions does not induce an
11
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C D
FIG. 8: Behavior of normal and shear tissue stress with
Voronoi constraint from the energy derivative with respect
to imposed strain (Eq. (37)). A. Heat map of the mean in-
teraction normal stress as a function of v0 and P0. The red
crosses outline the solid-liquid phase boundary determined by
q = 3.813. B. mean interaction normal stress as a function of
P0 at various v0. C. Time autocorrelation of the mean inter-
action shear stress for various v0 at P0 = 3.45. D. heat map of
the effective viscosity (Eq. (13) in the main text). The simu-
lation is performed with 100 cells and a duration of T = 1000
with periodic boundary condition.
affine shear transformation of all vertex positions. In-
deed, the 2N vertices would in total provide 4N degrees
of freedom, but the Voronoi tessellation reduces this to
the 2N degrees of freedom of the N cell positions.
In the SPV model, the stress experienced by the
boundary can be computed by quantifying the total en-
ergy change induced by a deformation of the periodic
box described by the strain tensor Gαβ while affinely
displacing all cell positions and respecting the Voronoi
tessellation:
σ˜intαβ =
1
AT
dE
dGαβ
, (37)
where the tilde is used to denote the stress at the bound-
ary under Voronoi constraint. The shear component of
this tensor is different from that of the stress σintαβ defined
in Eq. (6) in the main text.
To numerically study how different σ˜intαβ and σ
int
αβ typi-
cally are, we impose a sufficiently small strain on the cell
positions and calculate the tissue energy difference before
and after the imposed strain. To incorporate the Voronoi
constraint, the cell network is constructed based on the
cell positions before and after the imposed strain accord-
ing to the Voronoi tessellation. An expansion along x
and y axis is implemented to compute the normal com-
ponents of the stress σ˜intxx and σ˜
int
yy , using
r˜ix = r
i
x(1 + ), r˜
i
y = r
i
y(1 + ), (38)
respectively. Here, r is the cell position and   1 is
the imposed strain. Similarly, simple shear deformations
along x and y axes are implemented to compute the off-
diagonal components of the stresses σ˜intxy and σ˜
int
yx , using
the transformations
r˜ix = r
i
x + r
i
y, r˜
i
y = r
i
y + r
i
x, (39)
respectively.
We present the results of the stress at the boundary
under Voronoi constraint in Fig.8. Comparing with the
results in the main text, the effect of the Voronoi tessel-
lation does not affect the behavior of the normal and the
shear stress as presented in the main text. This suggests
that for practical purposes, one can apply the definitions
of stress of the vertex model to approximate the stress in
the SPV model. The insensitivity of the behavior of the
stress to the geometrical constraint also implies general
applicability of the SPV model in describing the mechan-
ics of confluent epithelial tissue in experiment.
Autocorrelation of traction forces
A B C
D E F
FIG. 9: The time autocorrelation of traction force slows down
as the tissue transits from fluid state to solid state. A-C (D-F)
correspond to the autocorrelation evaluated in the Eulerian
(Lagrangian) reference frame. A: vertex tractions are aver-
aged within a circle of radius R = 0.1L fixed in space, where
L is the length of the simulation box. D: average tractions
at vertices of cells initially located within a circle of radius
R = 0.1L and then tracked in time (the corresponding cells
are labeled in red). B and E: Normalized autocorrelation of
traction force at P0 = 3.45 in the Eulerian (B) and Lagrangian
(E) frame. C and F: Heat maps of the correlation time τm
in the Eulerian (C) and Lagrangian (F) frame. The white re-
gion corresponds to correlation time beyond the duration of
the simulation. The simulation is performed over a total time
T = 10000 for 100 cells with Dr = 1.0 and periodic boundary
condition.
The slowing down of the autocorrelation of the shear
stress implies a similar behavior for the autocorrelation
of traction forces due to the force balance condition
12
tα = ∂βσ
int
αβ . We have shown this explicitly by evalu-
ating the autocorrelation function of the vertex tractions
averaged over a small patch of tissue as a function of
v0 and P0, as shown in Fig. 9. In contrast to the shear
stress, we cannot average the traction over the entire sys-
tem, as due to force balance the net traction force is zero.
Instead we compute the two-time correlation function of
the traction forces averaged over a circular patch of tissue
of radius R. Such a mean local traction is calculated in
two reference frames: the Eulerian frame where the cir-
cular patch of radius R = 0.1L is fixed in space (Fig. 9A)
and the Lagrangian reference frame where cells initially
within the patch are tracked in time (Fig. 9D). To reduce
the finite size fluctuations, we compute the autocorrela-
tion using 7 patches at different positions and average
over the patches. Experimental traction forces are usu-
ally measured in an Eulerian reference frame by TFM.
Such measurements could, however, be transformed to a
Lagrangian reference frame if cell tracking data are avail-
able.
Figure 9 B and E show the autocorrelation of the trac-
tion, Ctt(τ) = 〈tx(t0)tx(t0 + τ)〉t0 , with tx the x com-
ponent of the the average traction in the Eulerian and
Lagrangian frame, respectively. When calculated in the
Lagrangian frame, the correlations show the same dra-
matic slow down when the solid is approached from the
liquid side as found in the autocorrelation of the mean
shear stress. In the Eulerian frame, however, a second
time scale associated with cells moving in and out of the
fixed patch masks the slowing down of the relaxation at
long times. The same behavior is obtained when calcu-
lating correlations of shear stress averaged over a local
patch instead of over the entire system. The slowing
down of the relaxation is quantified in Fig. 9 C and F
that show heat maps of the correlation time τm defined
as Ctt(τm)/Ctt(0) = 0.02 in the Eulerian and Lagrangian
frames, respectively. The correlation time increases as
the system transits from the fluid state to the solid state
in both reference frames and diverges deep in the solid
state. The behavior is less clear in the Eulerian reference
frame, where cell transition across the patch introduces a
new time scale that masks the divergence. In summary,
this confirms that the divergence of traction and shear re-
laxation can in principle be seen in TFM data, especially
if combined with cell tracking so that correlations can
be computed in a Lagrangian frame. Our results sug-
gest a new way of analyzing TFM data not previously
attempted to provide rheological information about the
tissue.
